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1. MOTIVATION AND MAIN RESULTS
The main problem we consider in this paper is the conjugacy classifica-
 .tion of p-torsion in SP Z , the symplectic group over the ring ofpy1
integers Z, where p is an odd prime. We also consider the related problem
 .of the realizability of p-torsion in SP Z by analytic automorphisms ofpy1
 .compact connected Riemann surfaces of genus p y 1 r2.
Classification up to conjugacy plays an important role in group theory.
The symplectic groups are of importance because they have numerous
applications to number theory and the theory of modular functions of
w xmany variables, especially as developed by Siegel in 9 and in numerous
other papers. But our original motivation for studying this problem came
not from algebra but rather from Riemann surfaces.
Throughout the paper S will denote a connected compact Riemann
 .  .surface of genus g g G 2 without boundary. Let T g Aut S , the group
of analytic automorphisms of S. Then T induces an automorphism of
 .  .H S s H S, Z , the first homology group of S,1 1
T#: H S ª H S . .  .1 1
 4  4  .Let a, b s a , . . . , a , b , . . . , b be a canonical basis of H S , that is, a1 g 1 g 1
basis for which the intersection matrix is
0 Ig
J s ,yI 0 /g
where I is the identity matrix of degree g. Let X be the matrix of T#g
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 4with respect to the basis a, b . Since T# preserves intersection numbers,
X XJX s J, where X X is the transpose of X.
DEFINITION. The set of 2n = 2n unimodular matrices X over Z such
that
X XJX s J 1.1 .
 .is called the symplectic group of genus n over Z and is denoted by SP Z .2 n
 .Two symplectic matrices X, Y of SP Z are said to be conjugate or2 n
 .similar, denoted by X ; Y, if there is a matrix Q g SP Z such that2 n
y1  :Y s Q XQ. Let X denote the conjugacy class of X. Let M be the setp
 .of elements of order p in SP Z and let M denote the set of conjugacypy1 p
classes of M .p
 .If we fix a canonical basis of H S there is a natural group monomor-1
phism
Aut S ª SP Z ; .  .2 g
w xsee Farkas and Kra 2 . Clearly, the matrices of T# with respect to
 .different canonical bases are conjugate in SP Z .2 g
 .DEFINITION. A matrix X g SP Z is said to be realizable if there is2 g
 .T g Aut S , for some Riemann surface S of genus g, such that X is the
 .matrix of T# with respect to some canonical basis of H S .1
Two questions naturally arise.
 .QUESTION 1. Can e¨ery X g SP Z be realized?2 g
QUESTION 2. If the answer to Question 1 is no, which ones can be
realized?
 .Note that Aut S is finite, since we are assuming g G 2, so we only need
 .to consider torsion elements of SP Z . To answer these questions, we2 g
 .need some knowledge of the conjugacy classification of SP Z .2 g
The least genus of any surface S, other than the 2-sphere or torus, on
 .which Z acts, is p y 1 r2. Thus Z actions on surfaces of genusp p
 .p y 1 r2 are particularly interesting. If p s 3 then S is a torus, so to
avoid this trivial case we will usually assume that p G 5.
If T is a preferred generator of Z and Z is acting on a surface S ofp p
 .genus p y 1 r2, then an easy consequence of the Riemann]Hurwitz
formula is that T must have three fixed points, say P , P , P . If the action1 2 3
of T in a sufficiently small neighbourhood of the fixed point P isj
equivalent to a rotation through 2p k rp, 1 F j F 3, then the fixed pointj
 4data of the action is by definition that set of integers modulo p, a , a , a ,1 2 3
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one for each fixed point, such that T aj is equivalent to a rotation by 2prp
 .near P , 1 F j F 3. It is automatically true that a q a q a ' 0 mod p .j 1 2 3
w xSee Sjerve and Yang 10 for the details.
Suppose we have two such automorphisms of order p,
T : S ª S , T : S ª S ,1 1 1 2 2 2
 .on surfaces of genus p y 1 r2. Let X , X be the symplectic matrices1 2
 .induced by T , T respectively. Then X and X are conjugate in SP Z1 2 1 2 py1
if and only if they have the same fixed point data; see Edmonds and Ewing
w x w x1 or Symonds 11 . This is true for all genera g G 2. By counting triples of
 2 .fixed point data, we see that there are only p y 1 r6 classes of p-torsion
 .in SP Z which can be realized. But we shall show that the number ofpy1
 .  py1.r2conjugacy classes of p-torsion in SP Z is 2 h , where h is thepy1 1 1
w x 2p i r pfirst factor of class number of Z z and z s e . So, in general, most of
 .the p-torsion in SP Z is not realizable. However, we shall answerpy1
Question 2 in this case.
To explain our results, we need to develop some notation.
w x w xLet R s Z z and S s Q z . Then S is the quotient field of R. An
 .ideal fractional ideal in S is a nonzero finitely generated R-submodule
of S which is a free Z-module of rank p y 1. An integral ideal is an ideal
which is contained in R.
Two ideals a , b are equivalent if there are nonzero elements l, m g R
 :such that la s mb. We denote the equivalence class of a by a and let
C denote the collection of equivalence classes of ideals. C is an abelian
 :group with respect to multiplication of ideals. The identity is R and the
 :  X:  pq1.r2 . Xinverse of a is Da , where D s pz z y 1 and a is the
complementary ideal. See Section 2.1.
 .Let P be the set of pairs a , a consisting of an integral ideal a and an
 .element a g R such that aa s a and a s a, where the bar denotes
 < 4  .  .complex conjugation and a s a a g a . Two such pairs a , a and b , b
are said to be equivalent if there are l, m g RU such that la s mb and
 :  .lla s mmb. We denote by a , a the equivalence class of a , a . Let P
denote the set of all classes of P.
 .X py1Suppose X g M . There is an eigenvector a s a , . . . , a g Rp 1 py1
corresponding to z , that is, Xa s za . Let a be the Z-module generated by
Xy1a , . . . , a , a s Za q ??? qZa , and let a s D a Ja . It is easy to1 py1 1 py1
check that a is an integral ideal in R and a s a. Thus a , . . . , a are1 py1
 .independent over Z. Furthermore, we will prove that a , a g P and that
 :  :the mapping C: M ª P, C: X ª a , a is well defined.p
THEOREM 1. C is a bijection.
 .Thus we can count conjugacy classes of p-torsion in SP Z bypy1
enumerating the elements of P. This is a problem in algebraic number
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theory. P turns out to be an abelian group where multiplication is given
 : :  :by a , a b , b s ab , ab . Let C denote the subgroup of integral ideal0
classes defined by
<C s a g C aa s a , a s a for some a g R . 1.2 4 .  .0
q  4 Let U be the group of units in R, U s u g U N u s u and C s uu N
4 qu g U . Clearly C ; U and both are subgroups of U. We shall show
THEOREM 2. There is a short exact sequence of abelian groups
f c
q1 ª U rC ª P ª C ª 1, 1.3 .0
 :  w x :  :  :where f u s Z z , u and c a , a s a .
Consequently, we have
THEOREM 3. The number of elements in M is q s 2 py1.r2 h .p p 1
Let
sin kprp .
u s for k , p s 1 1.4 .  .k sin prp .
w x  4be the cyclotomic units of Z z . If the fixed point data of T is a, b, c ,
 .where 1 F a, b, c F p y 1 and a q b q c ' 0 mod p , then we let
 .M a, b, c denote the symplectic matrix represented by T#. Theorem 4 is
w xsimilar to a result of Symonds 11 , but our approach is new.
  ..  w x :THEOREM 4. C M a, b, c s Z z , u u u .a b aqb
 .COROLLARY. Let X g SP Z ha¨e order p. Then X is realizable if andpy1
only if
w x :C X s Z z , u u u . a b aqb
for some integers a, b with 1 F a, b F p y 1 and a q b / p.
2. THE CONJUGACY CLASSES
 .Assume f x is a monic irreducible polynomial of degree n over Z. Then
it is well known that there is an one-to-one correspondence between the
conjugacy classes of matrices of rational integers with characteristic poly-
 . w x   ..nomial f x and the classes of ideals in Z x r f x ; see Latimer and
w x w xMacDuffee 5 or Taussky 12 . The equivalence relation between ideals is
given by fractional equivalence.
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 .Let A be any n = n matrix over Z such that f A s 0 and let z be a
 .root of f x . Then the correspondence may be described as follows: If
 .X w xa , . . . , a , a g Z z , is an eigenvector of A with respect to z , and a is1 n i
the ideal generated by a , . . . , a , then the ideal class determined by a1 n
corresponds to the matrix class determined by A. It is also known that
under some conditions the matrix class generated by the transpose of X
w xcorresponds to the inverse ideal class; see Taussky 13 . In Section 2.1 we
w x w xshall review some results of ideal theory; see Lang 3 , 6 , or any book on
ideal theory. In Section 2.2 we introduce S-pairs and prove Theorem 1. In
Section 2.3 we shall prove Theorems 2 and 3.
 . py1If f x s 1 q x q ??? qx , then we get a one-to-one correspondence
 .between the conjugacy classes of p-torsion in SL Z and C , the grouppy1
of ideal classes. It is worthwhile repeating how this correspondence works.
 . 2p i r pIf A g SL Z has order p, then z s e is an eigenvalue with apy1
one-dimensional eigenspace. Thus there exists an eigenvector a s
 .Xa , . . . , a , unique up to multiples, and so the ideal a s Za q1 py1 1
??? qZa is well defined up to fractional equivalence. If B s QAQy1,py1
 .where Q g GL Z , then b s Qa is an eigenvector for B and thepy1
 :  :corresponding ideal is also a. Thus the mapping A ª a is a well-
 .defined mapping from the conjugacy classes of p-torsion in SL Z topy1
w xthe classes of ideals in Z z . This mapping is a bijection.
2.1. S-Pairs
We denote the set of nonzero elements of R by RU. The trace of an
element a in S is
py1
 i.Tr a s a g Q, 2.1 .  .
is1
where a  i. is that conjugate of a defined by z  i. s z i. It is clear that if
 .a g R, then Tr a g Z.
Suppose a , . . . , a g S . The discriminant of a , . . . , a is1 py1 1 py1
a 1. a 2. ??? a  py1.1 1 1
1. 2.  py1.a a ??? a2 2 2D a , . . . , a s det . 2.2 .  .1 py1
??? ??? ??? ??? 01. 2.  py1.a a ??? apy1 py1 py1
LEMMA 2.1. a , . . . , a are independent o¨er Q if and only if1 py1
 .D a , . . . , a / 0.1 py1
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w xFor a proof, see Lang 3 .
Let a be a fractional ideal in S . The complementary ideal is
X <a s a g S Tr a a ; Z . 2.3 4 .  .
Let a , . . . , a be a Z-basis of a. Then there is a dual basis a X , . . . , a X1 py1 1 py1
 X .in S , that is, a basis such that Tr a a s d , where d is the Kroneckeri j i j i j
symbol. This is equivalent to either of the following equations:
a Xk .a k . s d or a  i.a X j. s d . 2.4 . i j i j k k i j
k k
X  pq1.r2  .We also have aa s RrD, where D s pz r z y 1 , D s yD, and
aX s Za X q ??? qZa X . 2.5 .1 py1
Some notation is needed for the sake of convenience. We let
k . k .A s a and A s a 2.6 . .  .i j i j
 .if A s a is a matrix with entries in S . The following lemma is veryi j
useful.
 .  .LEMMA 2.2. Let M, N be two p y 1 = p y 1 matrices o¨er Z and
 .X py1a s a , . . . , a g S , where a , . . . , a are independent o¨er Z.1 py1 1 py1
X X i.  i.  .Suppose a Ma s a Na for i s 1, . . . , p y 1 . Then M s N.
X  i.Proof. We only prove the special case N s 0. Let a s a Ma . Theni
Xk .k .  i. k . .a s a M a s 0. For any 1 F k, l F p y 1, let 1 F i F p y 1 bei
Xk . i. k .  l .  l . .  .such that ki ' l mod p . Then a s a and hence a Ma s 0
 . X   j..for k, l s 1, . . . , p y 1 , that is, A MB s 0, where A s a and B si
 j. .  .  .a are p y 1 = p y 1 matrices. By Lemma 2.1, det A / 0 andi
det B / 0, since a , . . . , a are independent over Z, and therefore1 py1
M s 0.
 .DEFINITION. A pair a , a consisting of an integral ideal a and an
element a in R is said to be an S-pair, if there is a basis a , . . . , a of1 py1
a , such that
X  i.a Ja s d aD , 1 F i F p y 1, 2.7 .1 i
 .Xwhere a s a , . . . , a . The basis a , . . . , a is called a J-orthogo-1 py1 1 py1
nal basis of a with respect to a, and the vector a is called a J-vector with
 .respect to the S-pair a , a .
 .XThe bilinear form defined on column vectors a s a , . . . , a and1 py1
X X .  :b s b , . . . , b by a , b s a Jb is a nondegenerate skew-hermitian1 py1
Xform. In particular, if l s a Ja , then l s yl. Since D s yD it follows
 .that if a , a is an S-pair, then a s a.
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 .Remark. Equation 2.7 is equivalent to
X i.  j.  i.  i.a Ja s d a D , 1 F i , j F p y 1.i j
X  .Remark. Since aa s RrD for any ideal a , we have aa s a if and
Xonly if a s aDa .
 .  .LEMMA 2.3. A pair a , a is an S-pair if and only if a , a g P.
X .Proof. Suppose a , a is an S-pair. We only need to show that a s aDa .
 .X  .Let a s a , . . . , a be a J-vector with respect to a , a . Let1 py1
X X i.  j. .  .b s b , . . . , b s 1raD Ja . Then a b s d , which implies1 py1 i j
 .Tr a b s d , so b , . . . , b is the dual basis of a , . . . , a . Sincei j i j 1 py1 1 py1
 .  .det J s 1, we see that b , . . . , b is also a basis of 1raD a. Hence1 py1
Xa s aDa .
 .For the converse, suppose a , a g P. If b , . . . , b is a basis of a ,1 py1
then b , . . . , b is a basis of a. Let g , . . . , g be the dual basis of1 py1 1 py1
 . X i.  j.b , . . . , b . Then Tr b g s d , and we have b g s d , where b s1 py1 i j i j i j
X X X .  .b , . . . , b and g s g , . . . , g . Since a s aDa , there is M g1 py1 1 py1
 .GL Z such that Mb s aDg . Thenpy1
X X i.  i.  i.  i.b Mb s a D b g s d aD , 2.8 .1 i
but also
 .iX X X X i.  i.b M b s aDg b s yaDg b s yd aD . 2.9 .1 i
X X X X i.  i.  . Thus b Mb s yb M b for i s 1, . . . , p y 1 , and so M s yM by
. w x  .Lemma 2.2 . According to Newman 8 , there is Q g GL Z such thatpy1
M s QXJQ. If a s Qb , then
X X i.  i.a Ja s b Mb s d aD .1 i
 .So a is a J-vector with respect to a , a .
 .Remark. From the preceding remark we see that a , a is an S-pair if
Xand only if a s aDa and a s a.
 . qEXAMPLE. From this lemma it follows that R, u for any u g U is an
S-pair.
2.2. The Correspondence C
 .X py1Suppose X g M . There is an eigenvector a s a , . . . , a g Rp 1 py1
corresponding to z , that is, Xa s za . Let a be the Z-module generated by
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Xy1a , . . . , a , a s Za q ??? qZa , and let a s D a Ja . It is easy to1 py1 1 py1
check that a is an integral ideal in R and a s a. Thus a , . . . , a are1 py1
independent over Z. Furthermore, we have
 .LEMMA 2.4. The pair a , a is an S-pair.
X  i.  .Proof. We only need to prove that a Ja s 0 for i s 2, . . . , p y 1 .
 i. i  i.  i.Assume 2 F i F p y 1. From Xa s za we have Xa s z a and Xa
i  i. .s 1rz a . Hence
z i z i
X X X X i.  i.  i.a Ja s a X JXa s a Ja . 2.10 .
z z
 . iThe last equality follows from the fact that X g SP Z . Since z / z ,py1
X  i.we get a Ja s 0.
 .X py1Suppose Y is another element of M , and b s b , . . . , b g Rp 1 py1
is an eigenvector corresponding to z , that is, Yb s zb. Let b be the
Xy1integral ideal generated by b , . . . , b and b s D b Jb.1 py1
 :  :LEMMA 2.5. X ; Y if and only if a , a s b , b .
 . y1Proof. Necessity. Suppose there is Q g SP Z such that Y s Q XQ.py1
Then QY s XQ and therefore XQb s QYb s z Qb , that is, Qb is an
eigenvector of X. There are l, m g RU such that la s mQb s Qmb. So
la s mb , and
XXy1 y1lla s D la Jla s D mQb JmQb .
X X Xy1 y1s D mmb Q JQb s D mmb Jb s mmb.
 :  :Therefore a , a s b , b .
USufficiency. Suppose l, m g R are such that la s mb and lla s mmb.
 .Then there is Q g GL Z such that la s mQb , and thuspy1
mQYb s mQzb s zmQb s zla s l Xa s m XQb .
Hence QYb s XQb , and therefore QY s XQ, that is, Y s Qy1 XQ.
 .It remains to prove that Q g SP Z . If i s 2, . . . , p y 1, thenpy1
ill
X X X X i.  i.  i.b Q JQb s a Ja s 0 s b Jb .imm
If i s 1, then
ll b
X X X X Xb Q JQb s a Ja s a Ja s b Jb .
mm a
X  .Hence Q JQ s J see Lemma 2.2 .
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Let C denote the correspondence from M to P defined previously,p
 :  :that is, C X s a , a . Lemma 2.5 guarantees C is well defined and
injective. The proof of Theorem 1 is completed by the following lemma.
LEMMA 2.6. C is surjecti¨ e.
 .X  .Proof. Let a s a , . . . , a be a J-vector with respect to a , a .1 py1
 .Then za , . . . , za is another basis of a , and so there is X g GL Z1 py1 py1
such that Xa s za . It is clear that X has order p. We only need to prove
 .that X g SP Z . We havepy1
z
X X X X i.  i.a X JXa s a Ja s d a Ja .1 iiz
X X X X i.  i.Hence a X JXa s a Ja . By Lemma 2.2, X JX s J, that is, X g
 .SP Z . This completes the proof.py1
PROPOSITION 2.1. For any X g M , we ha¨e X ¤ Xy1.p
Proof. Let a g R py1 be an eigenvector of X corresponding to z ,
Xy1 y1 y1 .  :  .Xa s za . Then X a s za . Hence C X s a , D a Ja and C X
Xy1 y1 :s a , D a Ja . If X were conjugate to X we would have
X Xy1 y1 :  :a , D a Ja s a , D a Ja , that is, we could find nonzero elements
X X .  .l,m g R such that la s ma and llrD a Ja s mmrD a Ja . But this is
X Ximpossible since a Ja s ya Ja .
2.3. Class Number of P
In this section we prove Theorems 2 and 3. The set C of ideal classes is
an abelian group and we easily see that P is an abelian group if we define
multiplication in P by
 : :  :a , a b , b s ab , ab .
 :  :  :The identity is R, 1 and the inverse of a , a is a , a .
For the proof of Theorem 2 we will need the following lemmas.
 . ULEMMA 2.7. Suppose a , a g P, l g R . Then
 .1. la , lla g P.
 . q2. a , la g P if and only if l g U .
The proof is trivial.
 .  .  :  :LEMMA 2.8. Suppose a , a , a , b g P. Then a , a s a , b if and
only if arb g C.
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 :  : UProof. Suppose a , a s a , b . Then there are l, m g R such that
la s ma and lla s mmb. If u s mrl, then u g U and arb s uu, that
is, arb g C.
 :Conversely, suppose arb s uu for some u g U. Then a , a s
 :  :  :a , uub s ua , uub s a , b .
 .  . ULEMMA 2.9. Let a , a , b , b g P, and la s mb for some l, m g R .
 :  : qThen a , a s b , ub for some u g U .
 .Proof. If la s mb , then la s mb. Hence lla s la la s mbmb s
q .mmb . There is a unit u g U such that lla s mmub. Therefore
 :  :  :  :a , a s la , lla s mb , mmub s b , ub .
Now we can prove Theorem 2; namely, there is a short exact sequence
f c
q1 ª U rC ª P ª C ª 1,0
 :  :  :  :where f u s R, u and c a , a s a .
Proof of Theorem 2. Clearly f is well defined and a group monomor-
 .phism by Lemma 2.8 . c is also well defined and a group epimorphism.
w x  :  :  . cf u s c R, u s R by definition and Ker c s Im f by Lemma
.2.9 . This completes the proof.
Let C be the set of integral ideal classes a such that aa is a principal1
ideal,
<C s a g C aa s a for some a g R . 2.11 4 .  .1
< <C is a subgroup of C , the set of ideal classes and by definition h s C .1 1 1
It is easy to check that C ; C . To show that C s C , we need0 1 0 1
 .LEMMA 2.10. 1 y z is a prime ideal of R.
w xSee Washington 14 .
LEMMA 2.11. C s C .0 1
U .Proof. Suppose aa s a where a g R . We need to find a unit0 0
u g U such that ua s ua . Let u s a ra . We see that u is a unit0 0 0 0 00
 .  . w xbecause a s a , and u u s 1. According to Washington 14 , u s0 0 0 0 0
"z k for some integer k. If u s z 2 l for some integer l, then we can0
choose u s z l. Now we suppose u / z 2 l for any integer l. We then have0
u s yz k for some integer k because if u s z 2 ky1 then u s z 2 ky1qp,0 0 0
where 2k y 1 q p is even. We want to show that this leads to a contradic-
tion. Note that
2a ' a mod 1 y z 2.12 . .
for any a g R.
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 .  .  .If a g 1 y z , then aa ; 1 y z since aa s a . So either a ;0 0
 .  .1 y z of a ; 1 y z by Lemma 2.10. Both cases are the same and
U .  . .  . .imply a ; 1 y z 1 y z . Let a s a r 1 y z 1 y z . Then a g R0 1 0 1
U and u s a ra . Continuing this procedure, there is a g R with a f 10 1 1
.y z such that u s ara.0
k k . Now suppose u s yz . Then, by 2.12 , a ' a s yz a ' ya mod0
.  .  .1 y z , hence 2 a is equivalent to 0 modulo 1 y z . Since 2 is a prime
 .  .ideal different from 1 y z we have a is equivalent to 0 modulo 1 y z ,
 .that is, a g 1 y z . Contradiction.
 .LEMMA 2.12 Dirichlet . The unit group U of R is the direct product
q  .W = V, where V ; U is a free abelian group of rank p y 3 r2 and
 l4W s "z .
From this lemma we have
w q x  py1.r2LEMMA 2.13. U : C s 2 .
 .This completes the proof of Theorem 3 by applying Theorem 2 .
2.4. An Example
Theorem 1 gives us a way to find representatives for M . Suppose wep
 .have an S-pair a , a and a basis b , . . . , b of a , which is not necessar-1 py1
ily J-orthogonal. Then the following steps will find a symplectic matrix
 .  :X g M such that C X s a , a .p
1. Find the dual basis g , . . . , g of b , . . . , b by solving the1 py1 1 py1
linear system
g Xb  i. s d , 2.13 .1 i
 .X  .Xwhere b s b , . . . , b and g s g , . . . , g ;1 py1 1 py1
 .2. Find the integral matrix Y g GL Z such that Yb s zb ;py1
 .3. Let M g GL Z be such that Mb s aDg . Then M is a skew-py1
symmetric matrix;
 . X4. Find a matrix Q g GL Z such that M s Q JQ; see New-py1
w xman 8 ;
5. Let X s QYQy1 and a s Qb. Then a is a J-orthogonal basis
 .  .  :and Lemma 2.6 shows that X g SP Z and C X s a , a .py1
 .We shall apply this method to find X in SP Z of order p and suchpy1
 .  : py2that C X s R, 1 . We know that 1, z , . . . , z is a basis of R. The
dual basis of 1, z , . . . , z py2 is g , . . . , g , where1 py1
z y 1 z .
py1yig s 1 q ??? qz , i s 1, . . . , p y 1. 2.14 . .i p
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 py2 .X  .XLet b s 1, z , . . . , z and g s g , . . . , g . Then Y is the com-1 py1
panion matrix
0 1
. . .C s .py1
1 0
y1 y1 ??? y1
After a routine calculation we see that Dg s Mb , where M s
0 L py1.r2X . and L is the n = n matrix whose entries above theyL 0 n py1.r2
diagonal are 0 and the others are y1. M is a skew-symmetric matrix and
X I 0 .  .we easily see that M s Q JQ, where Q s g GL Z . There-0 L py1 py1.r2






y1X s QCQ s , 2.15 .
y1 1
.y1 . .
.. 1.¢ §1 1 ??? 1 y1 0
 .  .  .where each block is a p y 1 r2 = p y 1 r2 matrix. Then X g SP Zpy1
 .  :has order p and C X s R, 1 .
0 y1 .EXAMPLE. When p s 3, we see that X s is an element of1 y1
 .order 3 in SP Z .2
In Section 3.2 we shall see that all X are realizable if p G 5.
3. REALIZABILE p-TORSION
3.1. Cyclotomic Units
The cyclotomic units in R are
sin kprp .
u s for k , p s 1. 3.1 .  .k sin prp .
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Since
1 y z k
ky1  pq1.r2s l u , where l s yz , 3.2 .k1 y z
 k .  . qand 1 y z r 1 y z is a unit, we conclude that u g U . The followingk
properties of the cyclotomic units are easy to verify:
m
u s 1 and u s yu s y1 u , 3.3 .  .1 m pqk m pyk k
u ) 0, 1 F k F p y 1,k 3.4 .u - 0, p q 1 F k F 2 p y 1.k
LEMMA 3.1. k u s u u .js1 2 jql k kqlq1
This follows from some standard trigonometric formulas.
 i.  .ky1. iq1. y1LEMMA 3.2. u s y1 u u .k ik i
 .Proof. Using 3.2 , we see that
1 y z i k .y ky1 i. i pq1.r2.u s yz .k i1 y z
1 y z i k 1 y zky1 iky1. py1.r2.s y1 z . i1 y z 1 y z
i kyiky1 iky1. py1.r2.  pq1.r2 y1s y1 z yz u u .  . i k i
 . .ky1 iq1 y1s y1 u u . . i k i
k .  .ky1 y1LEMMA 3.3. D s y1 u D.k
 pq1.r2  .Proof. Recall that D s pz r z y 1 . The proof is easy.
 .  :  k .LEMMA 3.4. Suppose X g M and C X s a , a . Then C X sp
 kX .  .kXy1 y1 kX .: XXa , y1 u a , where 1 F k F p y 1, k is the in¨erse of k modulok
kX .  kX . < 4p, and a s a a g a .
 .Proof. Suppose a is a J-vector with respect to a , a and Xa s za .
X X X XXy1 k k . k k k . k . k .Then a s D a Ja and X a s z a s za . Hence C X s
 kX . :a , a , wherek
Dk
X . X XX  .X Xk k y1Xk . Xy1 k . y1 y1 k .
Xa s D a Ja s D a Ja s y1 u a .  .k kD
 .by Lemma 3.3 . This completes the proof.
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LEMMA 3.5. u f C for 2 F k F p y 2.k
 .Proof. We only consider 2 F k F p y 1 r2.
Case I. k is even. For 4 F 2k F p y 1, we get u2. s yu uy1 - 0,k 2 k 2
and so u f C.k
Case II. k is odd. There is 1 F l F p y 1 such that p q 1 F lk F
 l . y12 p y 1. Then u s u u - 0, hence u f C.k lk l k
y1  .LEMMA 3.6. u u , u u f C for 1 F k, l F p y 1 r2 and k / l.k l k l
 . y1Proof. There is 2 F i F p y 2, such that il ' k mod p . Then u uk l
y1  l . y1 2 2 .  .s "u u s "u f C and u u s u u u f C since u g C .i l l i k l k l l l
By Lemmas 3.5 and 3.6, the following corollary is easy to prove.
 :  :  :COROLLARY. The p y 1 elements " 1 , " u , . . . , " u are2  py1.r2
distinct in UqrC.
 .PROPOSITION 3.1. Let X be the matrix gi¨ en by Eq. 2.15 . Then
X, X 2, . . . , X py1 are not similar to each other.
 .  :  k .Proof. C X s R, 1 and so by Lemma 3.4 we have C X s
  .kXy1 y1:XR, y1 u . According to Lemma 2.8, we need only show that thek
elements uy1, yuy1, . . . , yuy1 are distinct modulo C. But modulo C1 2 py1
this set of elements is the same as "u , " u , . . . , " u .1 2  py1.r2
EXAMPLE. Let p s 5. Then h s 1, and hence q s 4. There are four1 5
classes in M . Here is a list of canonical matrices of M :5 5
0 1 0 0 0 0 y1 0
0 0 y1 0 0 0 1 y12X s , X s ,
0 0 y1 1 1 1 0 y1 0  0
1 1 y1 0 0 1 0 y1
0 0 1 y1 y1 y1 0 1
y1 y1 0 1 1 0 0 03 4X s , X s .y1 0 0 0 0 y1 0 0 0  0y1 y1 0 0 0 y1 1 0
 .  .PROPOSITION 3.2. If p y 1 r2 is odd, then there is an X g SP Z ofpy1
order p, such that there are just two different classes among X, . . . , X py1.
 .Proof. Let a s u ??? u . There is X g SP Z of order p such2  py1.r2 py1
 .  : py1  .that C X s R, a . Suppose a g R a / 0 , Xa s za , and a s
Xy1 k . k .D a Ja . From Lemma 3.4 and the fact that R s R, we get C X s
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 :  .kXy1 y1 kX . XXR, a , where a s y1 u a and k is the inverse of k. Note thatk k k
ak
X . s "u X u Xy1 ??? u X u Xy12 k k  py1.r2.k k
s "u ??? u u Xy py1.r2 s "au Xy py1.r2 .2  py1.r2 k k
 pq1.r2  .XHence ara s "u g C j yC . Thereforek k
C X , if ara g C , . kkC X s . y1 C X , if ara f C , . k
py1that is, X, . . . , X are in two different classes.
EXAMPLE. Let p s 7. Let
¡ 4 3 2¦z q z q z
0 0 0 y1 y1 0
3z q z y 11 y1 0 0 0 y1
6yz0 0 0 0 0 y1X s , a s .
20 1 0 0 0 1 z q 1
0 0 0 1 0 0 0 6z q z0 0 1 0 1 0 ¢ §
1
 . 7Then one can easily check that Xa s za , X g SP Z , and X s I. One6
Xy1 6 y1can also check that a s D a Ja s z q z s u u . By computing, we get2 3
X ; X 2 ; X 4 and X 3 ; X 5 ; X 6 .
 .  .PROPOSITION 3.3. Suppose p ' 1 mod 3 . There is X g SP Z ofpy1
order p such that X ; X k, where k is the least positi¨ e solution of k 2 q k q
 .1 ' 0 mod p .
 . 2  .Proof. Since p ' 1 mod 3 , x q x q 1 ' 0 mod p has a solution.
 .Let k be the minimal positive solution. There is an X g SP Z , of orderpy1
 .  :  k .  :p, with C X s R, u u . Then we have C X s R, u , wherek kq1
pyk pyky1  pyky1.u s y1 u u u .  pyky1. k kq1
 . .  .pyk ky1 pyk k pyky1s y1 u y1 u u y1 .  .  .kq1 k pyky1. pyky1
=u uy1kq1. pyky1. pyky1
s u uy1 .k kq1
 .  . .  .Note that k pyky1 smpq1 and kq1 pyky1 s mq1 pyk.
kHence X ; X .
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To finish this section, we give a proposition:
PROPOSITION 3.4. There are integers k , . . . , k , such that 2 F k - ???1 n 1
 .- k F p y 1 r2, and u ??? u g C if and only if h , the second factorn k k 21 n
of the class number of R, is e¨en.
Proof. Let C be the group generated by "1, u , . . . , u . Then1 2  py1.r2
w q x w x 2 qU : C s h ; see Lang 4 . Suppose u ??? u s u g C and u g U .1 2 k k1 n
We see that u f C since u , . . . , u are free generators. Let C be1 2  py1.r2 2
the group generated by "1, u, u , . . . , u . Clearly, C ; C ; Uq2  py1.r2 1 2
w x <and C : C s 2, so 2 h .2 1 2
If h is even, there is u g Uq, u f C , but u2 g C . Then u2 s ur1 ??? urt2 1 1 l l1 t
where not all of r are even. Thus u2 s u ??? u ¨ 2 for some distinctj k k1 n
 .integers 2 F k F p y 1 r2 and some ¨ g C . It follows that u ??? uj 1 k k1 n
g C.
 py1.r2 Remark. In case that h is odd, the 2 elements " u u ???2 k k1 2
:  .u , where 2 F k - ??? - k F p y 1 r2, are all distinct. They are, ink 1 nn
fact, the elements of UqrC.
3.2. Realizable p-Torsion
w xIn Sjerve and Yang 10 it was shown that there is a one-to-one
correspondence between analytic conjugacy classes of Z actions on com-p
 .pact connected Riemann surfaces of genus p y 1 r2 and short exact
u
sequences 1 ª P ª G ª Z ª 1, where G is a Fuchsian group of signa-p
 .ture 0; p, p, p and the Kernel P is torsion free. The short exact sequence
corresponds to the induced action of Z on S s UrP, where U denotesp
the upper half plane.
As an abstract group G has the presentation:
 < p p p :G 0; p , p , p s A , A , A A A A s A s A s A s 1 . . 1 2 3 1 2 3 1 2 3
The epimorphism u : G ª Z is determined by the images of thep
generators. The relations in G must be preserved and the kernel of u must
be torsion free. Therefore u is determined by the equations
A ª T a ,¡ 1
b~A ª T ,u : 2
c¢A ª T ,3
where T is a fixed generator of Z , 1 F a, b, c F p y 1 and a q b q c ' 0p
 .  .mod p . We use M a, b, c to denote the matrix class which is induced
by T.
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 .Suppose a , . . . , a is a basis of H S , and M is the intersection1 py1 1
matrix of a , . . . , a . Let X be the matrix T# with respect to a , . . . , a .1 py1 1 py1
 .X py1Let a s a , . . . , a g R be an eigenvector of X with respect to z .1 py1
Xy1  ..  :It is easy to check that C M a, b, c s a , D a Ma , where a is the
ideal generated by a , . . . , a .1 py1
The remainder of this section is concerned with the proof of Theorem 4.
Remark. If we prove the special case where a s 1 and 1 F b F
 .p y 1 r2, that is, if we show that
 :C M 1, b , c s R, u u , . . b bq1
 .  .then Theorem 4 will follow. This is because M 1, b, c s M 1, c, b and
 . X  . X  .M a, b, c is the a th power of M 1, b , c , where aa ' 1 mod p ,1 1
X  . X  .b ' a b mod p , c ' a c mod p . Applying Lemma 3.4, we would then1 1
get
 .ay1 a
C M a, b , c s R, y1 u u u .  .  . .  ;a b b q11 1
and by Lemma 3.2, we would then have
 .ay1 au s y1 u u u .  .a b b q11 1
 . .  .ay1 b y1 aq1 b aq1y1 y11 1s y1 u y1 u u y1 u u .  .  .a b a a b q1.a a1 1
s uy1 u ua m pqb m pqaqb
m my1 y1s u y1 u y1 u s u u u , .  .a b aqb a b aqb
where m satisfies b a s mp q b. We see that uru u u s uy2 g C.1 a b aqb a
 .  .Thus we assume a s 1 and 1 F b F p y 1 r2. Then p y 1 r2 F c F
p y 2 since 1 q b q c s p. We choose a particular embedding of G in
 .Aut U , namely, G is the subgroup generated by A , A , A , where1 2 3
A , A , A are rotations by 2prp about the vertices ¨ , ¨ , ¨ of a regular1 2 3 1 2 3
triangle P, all of whose angles are prp; see Fig. 1. A fundamental domain
of G consists of P together with a copy of P obtained by reflection in its
side ¨ ¨ . Then a fundamental domain D of P is the 2 p-gon consisting of1 3
p copies of the fundamental domain of G obtained by the p rotations Ak1
 .k s 0, . . . , p y 1 ; see Fig. 2. Let e , . . . , e be the 2 p sides of D, and1 2 p
 .h s e q e for i s 1, . . . , p . Then h , . . . , h are closed paths on Si 2 iy1 2 i 1 p
w x w x  . w xand h , . . . , h forms a basis of H S ; see Massey 7 . The intersec-1 py1 1
w x w xtion matrix of h , . . . , h is somewhat complex, so we need to find1 py1
another basis.
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FIG. 1. Fundamental domain of G.
FIG. 2. Fundamental domain of P.
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 cq iy1 y1 1yi. cq iy1 y1 1yiSince u A A A s 1, then g s A A A g P is a bound-1 3 1 1 3 1
w x w xary substitution of D and so e s ye . Here we are using the2 iy1 P 2 cq2 i P
w xnotation to denote equivalence classes under the action of P on U. InP
w xthe interior of each side e we choose a point E such that E si i 2 iy1 P
w xE . Let f denote the straight-line segment from ¨ to E in D. Let2 cq2 i P i 1 i
j s f y f . Then j is a closed path on S.i 2 iy1 2 cq2 i i
w x w x w x w x w xIt is clear that j s h q ??? q h and h q ??? q h s 0 in thei i cqi 1 p
 . w x w xhomology group H S . Hence the transform matrix from h 's to j 's is1
 .  .the p y 1 = p y 1 matrix
1 y1¡ ¦
. . . .. . . .. . . .
. .. 1 y1 .¡ . .
. . .~ . . . y1c q 1 . . .¢ . . . p y c y 1,1 . . . 5. . .
. .. . y1. .¢ §
1 0
where the entries x are given byi j
1, 1 F j F p y c y 1 and j F i F j q c,¡~x s y1, p y c F j F p y 1 and j q c q 1 y p F i F j y 1,i j ¢
0, otherwise.
w x w xThe determinant of this matrix is "1. Hence j , . . . , j is a basis of1 py1
 .H S .1
w x w xLEMMA 3.7. The matrix of T# with respect to j , . . . , j is1 py1
0 y1
1 y1
X 1 y1C s .py1 . .. .. . 0
1 y1
 . w x .Proof. Let f s f and j s j . Since u A s T , we get T f2 pqi i pqk k 1 i P
w  .x w xs A f s f for i s 1, . . . , 2 p. Then1 i P iq2 P
w x w x w xT j s T f y f .  .k 2 ky1 2 cq2 kP P P
w x w x w xs f y f s j2 kq1 2 cq2 kq2 kq1P P P
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w x. w xfor k s 1, . . . , p. Therefore T# j s j for k s 1, . . . , p y 1. Butk kq1
w x w xj q ??? q j s 0 and therefore1 p
w x w xT# j s j , .1 2
w x w xT# j s j , .2 3
...
T# j s j , .py2 py1
w x w xT# j s y j y j y ??? y j . .py1 1 2 py1
This proves the lemma.
w x w xNow we compute the intersection matrix M of j , . . . , j . Let m1 py1 i, j
w x w xbe the intersection number j ? j of j and j . We havei j i j
LEMMA 3.8. For any 1 F i, j F p y 1, m s m and m si, j iq1, jq1 1, jq1
ym .1, pyjq1
Proof. T# preserves the intersection number of closed chains. By
Lemma 3.7,
m s j ? j s T# j ? T# j s j ? j s m . .  .i , j i j i j iq1 jq1 iq1, jq1
Iterating this formula, we see that m s m s m s1, pyjq1 jq1, pq1 jq1, 1
ym .1, jq1
Let k s m . Then m s k . Hence the intersection matrix is ofj 1, jq1 i, iqj j
the form
M s k M q ??? qk M ,1 1 py2 py2
 .  .where M is the p y 1 = p y 1 matrixj
0 ??? 0 1 0 ??? 0¡ ¦
. . .. . .. . .
.0 . 0.
M s ,y1 1j .0 . 0.
. . .. . .. . .¢ §
0 ??? 0 y1 0 ??? 0
whose entries x  j. are given byk l
1, l y k s j,¡
 j. ~x s y1, k y l s j,k l ¢
0, otherwise.
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 .FIG. 3. p y c F j F p y 1 r2.
By Lemma 3.8, we see that k s m s ym s k and there-j 1, jq1 1, pyjq1 pyj
fore
M s k M q k M y M q ??? qk M y M . .  .1 1 2 2 py2  py1.r2  py1.r2  pq1.r2
LEMMA 3.9.
1, 1 F j F p y c y 1,
k s 3.5 .j  0, p y c F j F p y 1 r2. .
Proof. It is clear that the intersection of j and j j s 1, . . . ,1 jq1
 . .p y 1 r2 is only one point, namely, the vertex ¨ . The verification of1
 .3.5 is straightforward by referring to Figs. 3 and 4.
FIG. 4. 1 F j F p y c y 1.
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Let
1 q z q ??? qz py2
py31 q z q ??? qz
.a s ...
1 q z 0
1
a is an eigenvector of CX with respect to the eigenvalue z , that is,py1
CX a s za .py1
LEMMA 3.10. Let
Xy1D a M a , k s 1,1
y sk Xy1 D a M y M a , k s 2, . . . , p y 1 r2. . .k pyk
Then y s u .k 2 k
 . pykProof. Let b s 1 y z a . We see that b s 1 y z .k
py1 py1
X  j.b M b s b x b s b b y b b   j k k l l k l k l
ks1 ls1 lyksj kylsj
py1yj py1
s b b y b b k kqj k kyj
ks1 ksjq1
py1yj py1yj
s b b y b b k kqj kqj k
ks1 ks1
py1yj
pyk pykyjs 1 y z 1 y z .  .
ks1
py1yj
pykyj pyky 1 y z 1 y z .  .
ks1
py1yj
pyk pykyj js 1 y z y z q z .
ks1
py1yj
py jyk pyk jy 1 y z y z q z .
ks1
py1yj
pyk pyk pyjyk pyjyks z y z q z y z .
ks1
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j jq p y 1 y j z y z .  .
j
k k j js 2 z y z q p y 1 y j z y z . .  .
ks1
jy1
k k j js 2 z y z q p q 1 y j z y z . . .  .
ks1
X  .Hence, for j s 1, b M b s p z y z .1
 .For j s 2, . . . , p y 1 r2, we have
X Xb M b y b M bj pyj
j
k k j js 2 z y z q p y 1 y j z y z . .  .
ks1
pyjy1
k k pyj pyjy 2 z y z y p q 1 y p q j z y z . .  .
ks1
pyjy1
j j k ks p z y z y 2 z y z .  .
ksjq1
j js p z y z . .
So we get
z  pq1.r2 z  pq1.r2zyj z 2 j y 1 .
j jy s p z y z s .j 1 y z p 1 y z .
2 jy1 pq1.r2 yj  pq1.r2s yz z yz u s u . . 2 j 2 j
Proof of Theorem 4. Let a be the ideal generated by the components of
a . It is clear that a s R since 1 g a. Now applying Lemmas 3.1 and 3.10,
Xy1we obtain D a Ma s u u . This completes the proof of Theorem 4.b bq1
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